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Abstract
Let k be a positive integer and D = (V; E) be a minimally k-edge-connected simple digraph.
For a vertex x 2 V (D), its outdegree +(x) (indegree −(x)) is the number of edges leaving
(entering) x. Let u+(D) (resp. u(D) and u−(D)) denote the number of vertices x in D such
that +(x)=k <−(x) (resp. +(x)=−(x)=k and +(x)>k=−(x)). In this paper we prove
that
u+(D) + 2u(D) + u−(D)>2k + 2;
which was conjectured by Mader (Combinatorics 2 (1996) 423{449). We also present a lower
bound on u+(D)+ u(D)+ u−(D) when jDj>4k− 1. c© 2000 Elsevier Science B.V. All rights
reserved.
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1.
All digraphs under consideration are nite and loopless. A digraph is simple if no
parallel edges are allowed. A digraph, denoted by D = (V; E), consists of a nonempty
vertex set V (D) and an edge set E(D). We write (x; y) for an edge from x to y in D.
For A; BV (D), set E(A; B) = f(x; y) 2 E(D) j x 2 A; y 2 Bg; e(A; B) = jE(A; B)j; A=
V (D)nA; +(A) = E(A; A), +(A) = j+(A)j and −(A) = +( A). For any x 2 V (D),
simply write +(x)= +(fxg) and −(x)= −(fxg), called the outdegree and indegree
of x in D, respectively. D[A] denotes the subdigraph of D induced by a nonempty
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AV (D). A cut C of D is a subset of E(D) of the form +(A) for some nonempty
AV (D). A k-cut is a k-element cut.
A digraph D is called k-edge-connected if +(A)>k for every nonempty AV (D)
and called minimally k-edge-connected if it is k-edge-connected but removal of any
edge destroys this property. A subset E0E(D) is covered by a collection C =
fC1; C2; : : : ; Cng of cuts of D if each e 2 E0 is contained in at least one Ci 2 C.
A family F of subsets of V (D) is said to be crossing-free if for any two members A
and B of F at least one of AnB; BnA; A \ B, and V (D)n(A [ B) is empty.
If r is a rational number, write dre for the upper integer parts of r. For a digraph
D = (V; E), put
U+(D) = fx 2 V (D) j +(x) = k <−(x)g;
U−(D) = fx 2 V (D) j +(x)>k = −(x)g;
U(D) = fx 2 V (D) j +(x) = k = −(x)g;
U>(D) = fx 2 V (D) j +(x)>k<−(x)g
and the corresponding cardinalities are denoted by lower case u (for instance, u+(D)=
jU+(D)j). For convenience, we write u(D) = u+(D) + u(D) + u−(D) and u2(D) =
u+(D) + 2u(D) + u−(D).
The following important result for minimally k-edge-connected digraphs was rst
proved by Mader in [3]. Later, Mader [4] and Frank [2] gave simpler proofs by using
dierent methods.
Theorem 1. Every minimally k-edge-connected nite digraph D has at least two ver-
tices x with +(x) = −(x) = k.
Obviously, there are, in general, not more than two such vertices. To see this, let D
be the digraph obtained from a path P= x1x2 : : : x‘ by replacing each edge (xi; xi+1) by
k edges (xi; xi+1) and k edges (xi+1; xi). Clearly, D is minimally k-edge-connected and
all vertices except x1 and x‘ have both indegree and outdegrees equal to 2k. However,
if we consider only simple digraphs, the situation appears rather dierent, though no
great progress in the estimate of u2(D) emerges. Recently, Mader in [5] suggested the
studies of the estimate and proposed
Conjecture 1. For every minimally k-edge-connected simple digraph D,
u2(D)>2k + 2;
and the more strong version
Conjecture 1a. For every minimally k-edge-connected simple digraph D,
u+(D) + u(D)>k + 1:
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Conjecture 2. For every k>4, there is a ck > 0 such that for every minimally
k-edge-connected simple digraph D; u2(D)>ck jV (D)j holds.
In this paper, we prove Conjecture 1 and also present a lower bound on u(D) for
a minimally k-edge-connected simple digraph D. Conjecture 2 has been considered in
[6] and a partial result is obtained.
2.
In the following, it is always supposed that D=(V; E) is a minimally k-edge-connected
simple digraph. Then, by the minimality, each e 2 E(D) is covered by at least
one k-cut of D. We associate with each collection C of k-cuts of D the family
F(C) = fAV (D) j+(A) 2 Cg and write
E(D) = f(x; y) 2 E(D) j +(x)>k<−(y)g:
Lemma 1. Let D be a minimally k-edge-connected simple digraph. Then D has a
minimal (with respect to inclusion) collection C of k-cuts of D such that C covers
E and the associated family F(C) is crossing-free.
The proof is very similar to that of Lemma 2 in [1] and hence omitted. Now let us
consider the augmented family
F(C) = fAV (D) jA 2F(C) or A 2F(C)g:
Then it is straightforward to check that F(C) is also crossing-free. We call X 2
F(C) a terminal if it is minimal (with respect to inclusion). Clearly, for any terminal
X , either +(X ) = k or −(X ) = k.
Lemma 2. Let X be a terminal. Then D[X ] contains no edges of E(D) and; moreover;
X contains at least one vertex x with +(x)>k (resp. −(x)>k) if +(X )=k (resp.
−(X ) = k).
Proof. Indeed, if D[X ] contains an edge (x; y) 2 E(D), then (x; y) is covered by
some cut C 2 C by Lemma 1. Assuming C = +(Y ), then Y; Y 2 F(C), x 2 Y
and y 2 Y . As F(C) is crossing-free, we have either Y X or Y X , contradicting
the denition of terminal X .
Note that either +(X ) 2 C or +( X ) 2 C, correspondingly, +(X ) = k or
−(X ) = k, say +(X ) 2 C. As C is minimal, there is an edge (x; y) 2 E covered
by +(X ), implying that x 2 X , and +(x)>k comes from the denition of E.
Lemma 3. F(C) contains at least two terminals if C 6= ;.
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Proof. We apply induction on jCj. If C=fCg, say C=+(X ), clearly X and X are
terminals of F(C). Suppose that jCj>2 and +(Y )=C0 2 C. Put C1 =CnfC0g.
Then F(C1 ) is also crossing-free. By induction F
(C1 ) contains two terminals X1
and X2. Because F(C) is crossing-free, it follows that for i = 1; 2, one of XiY ,
Xi Y , Y Xi, and Y Xi must hold. Obviously, the included one is a terminal of
F(C).
Lemma 4. If X is a terminal; then jX j>k + 1.
Proof. Without loss of generality, we may assume +(X )=k. As D is a simple digraph,
we obtain by Lemma 2
k + jX j(jX j − 1)>
X
x2X
+(x)>kjX j;
yielding jX j>k + 1.
Theorem 2. u2(D)>2k + 2.
Proof. If E(D)= ;, it is easy to verify the theorem. Indeed, if +(x)= −(x)= k for
every vertex x 2 V (D), then u(D) = jV (D)j>k + 1, yielding u2(D)>2k + 2. And
if some vertex x of D has outdegree (indegree) greater than k, then there must be at
least k + 1 vertices with indegree (outdegree) k and at least one vertex with indegree
(outdegree) greater that k, implying u2(D)>2k + 2.
So we assume E(D) 6= ;. By Lemma 3, F(C) contains two terminals, say X
and Y . Without loss of generality, we may suppose that +(X )= k since the proof for
the case −(X ) = k is very similar. Set
X1 = X \ U>(D); X2 = X \ U+(D);
X3 = X \ U(D) and X4 = X \ U−(D):
We also denote the corresponding cardinalities by lower case x, that is, xi = jXij. Note
that D[X ] contains no edge in E(D) as X is a terminal, that is, either +(x) = k or
−(y) = k for each edge (x; y) of D[X ]. Therefore, we have
 X1 is independent and
 there exist no edges from X1 to X2 and from X4 to X1 [ X2.
Our aim is to show that
x2 + 2x3 + x4>k + 1: (1)
If x4>k + 1, (1) holds. Moreover, x3>1 for otherwise k = +(X )>+(X4)>P
x2X4 (
+(x)−−(x))>x4, a contradiction. Now, we assume x46k. A simple counting
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of the outdegrees over all vertices in X show that,
k + x1(x3 + x4) + k(x2 + x3) + x4(x3 + x4 − 1)
>
X
x2X
+(x)
>k(x2 + x3) + (k + 1)(x1 + x4);
implying that k + (x1 + x4)(x3 + x4) − x4>(k + 1)(x1 + x4). Note that x1 + x4>1 for
X contains at least one vertex x with +(x)>k, thus we have
x3 + x4>k + 1 +
x4 − k
x1 + x4
; (2)
yielding x3>k+1+(x4− k)− x4 =1. If x161, by Lemma 4, x2 + x3 + x4>k, yielding
(1). And if x1>2, then by (2), x3 + x4  k +1+ (x4− k)=2, implying 2x3 + x4>k +2
and (1).
Similarly, for terminal Y; y3>1, y2+2y3+y4>k+1. Combining the last inequality
with (1) we have u2(D)>2k + 2, as desired.
Theorem 3. u(D)>k + 1 and u(D)>2. Furthermore; if jV (D)j>4k − 1; then
u(D)>2k if k63; (3)
u(D)>minf2(k − 1); 2d 2k3 + 1eg if k>4: (4)
Proof. By Theorem 2, u(D)>u2(D)=2>k + 1. To prove u(D)>2, suppose rst that
E(D) 6= ;. From the proof of Theorem 2, F(C) contains two terminals and
each terminal contains at least one vertex in U(D), yielding u(D)>2. So sup-
pose E(D)=;. If u(D)61, then U−(D) 6= ;, implying u−(D)6Px2U−(D) (+(x)−
−(x)) = e(U−(D); U(D)) − −(U−(D))6u−(D)u(D) − k6u−(D) − k, a
contradiction.
The rest of the proof is very similar to that of Theorem 2. Using the same notation,
we give an outline of the proof. Consider two cases.
Case 1. E(D)= ;. We may assume U>(D) 6= ; otherwise u(D)= jV (D)j>4k − 1.
Then 2(k + 1)u>(D)6
P
x2U>(D)(
+(x) + −(x))6
P
x2U−(D)[U(D) 
−(x) +P
x2U+(D)[U(D) 
+(x)62ku(D), implying u(D)>u>(D), thus u(D)>2k for u(D) +
u>(D) = jV (D)j>4k − 1.
Case 2. E(D) 6= ;. Then F(C) contains two terminals, say X and Y . Following
the proof of Theorem 2, we get x2 + x3 + x4>k if x161 and x2 + x3 + x4>k − 1
if x1 = 2. On the other hand x1(k + 1)6
P
x2X1 
+(x)6x1(x3 + x4) + k, implying
that x3 + x4>dk=2+1e if x1 = 2 and x3 + x4>d2k=3+1e if x1>3. Thus x2 + x3 + x4>
minf(k − 1); d2k=3 + 1eg, (4) follows. If k63, then k6dk=2 + 1e6d2k=3 + 1e,
yielding (3).
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